Introduction
The tree graph of a connected graph G is the graph T (G) with vertex set given by the set of spanning trees of G, in which two trees R and S are adjacent if S = (R − r) + s for some edges r of R and s of S. Cummins [3] proved that if G has at least one cycle, then T (G) is hamiltonian and therefore connected. Several variations of the tree graph have been studied; see for instance [2, 4, 5, 9] .
The basis graph of a matroid M is the graph G(B(M)) whose vertices are the bases of M, in which two bases are adjacent if one can be obtained from the other by a single element exchange. It is clear that the tree graph of a graph G is the basis graph of the cycle matroid of G. The basis graph of a matroid is also hamiltonian, as Holzmann and Harary proved in [6] .
Li et al. [7] defined the tree graph of a graph G with respect to a set C of cycles of G, as the spanning subgraph T (G, C ) of T (G) in which two trees R and S are adjacent if the unique cycle contained in R ∪ S lies in the set C . The problem of characterizing those sets of cycles of G for which T (G, C ) is connected is still unsolved. Li et al. gave necessary conditions and sufficient conditions for T (G, C ) to be connected. In particular, they proved the following result.
Theorem 1 (Li et al. [7]). If G is a 2-connected graph and C e is the set of cycles of G containing a given edge e of G, then T (G, C e )
is connected. 
Observation 1. If a directed graph D contains a directed cycle, then T ci (D) is connected.
In this paper, we generalize Theorem 1 and Observation 1 for matroids and oriented matroids, respectively.
A 2-coloring of a matroid M is a coloring φ of the elements of M with two colors such that M contains at least one element of each color. Let φ be a 2-coloring of a matroid M, the bicolor basis graph of M is the spanning subgraph G(B(M), φ) ✩ Research supported by Conacyt, México. The main result on this article is the following. Whenever possible we follow the notation used in [1, 8] .
Bicolor basis graph
The bicolor basis graph of a matroid M has several interesting properties, for instance G(B(M), φ) is bipartite and
, where M * is the dual matroid of M. This section is dedicated to the proof of Theorem 2. Before we do that, we would like to highlight the fact that there are connected matroids M such that G(B(M), φ) is not 2-connected for some 2-coloring φ. Let C n be the cycle of length n. If we color one of its edges red and the rest blue, then it is not difficult to see that the bicolor basis graph of the cycle matroid of C n with that coloring is isomorphic to the star K 1,n−1 , which is connected but not 2-connected (see Fig. 1 for the case n = 5).
The following results will be used in the proof of Theorem 2.
Proposition 1. Let x and y be two non-parallel elements of a connected matroid M. If a component K x of M/x does not contain y and a component K y of M/y does not contain x, then K x
Proof. It is clear that K x and K y are both components of
Thus, x and y form a series pair of M * , that is x and y are parallel elements of M. Therefore K x ∩ K y = ∅.
Proposition 2. Let M be a connected matroid and x be an element of M such that M/x is not connected. If K x is a component of M/x, then M\K x is a connected matroid.
Proof. Let e ∈ E(M\K x ) with e ̸ = x. Let C be a circuit of M containing x and e. It cannot be that
Thus, x and e are in the same component in M\K x and therefore, M\K x has exactly one component.
Proposition 3. Let x be an element of a matroid M and K x be a component of M/x. If B is a basis of M containing x, then B − K x is a basis of M\K x .
Proof. Clearly B − K x is an independent set of M\K x . Let w be an element of G(B(M), φ) . Let M be a connected matroid and φ be a 2-coloring of M. We will proceed by induction on n = |E(M)| to prove that G(B(M), φ) is a connected graph.
Proof of
If n = 2, G(B(M), φ) is a graph with exactly two vertices which are adjacent. Assume n > 2 and that the result holds for every connected matroid with less than n elements. ′ lies in C . Let e be an element of a matroid M. We denote by C e the set of circuits of M containing e. As a corollary of Theorem 2, we have the following result that generalizes Theorem 1.
Corollary 1. For every element e of a connected matroid M, G(B(M), C e ) is connected.
Proof. Let e be an element of a connected matroid M and let φ the 2-coloring of M for which e is red and the rest of the elements of M are blue. Let B and B ′ be two bases of M adjacent in G(B(M), φ). Since e is the unique red element of M, then e lies in the unique circuit contained in B ∪ B ′ . Therefore B and B
′ are also adjacent in G(B(M), C e ). Then, every path in G(B(M), φ) is also a path in G(B(M), C e ). Since M is connected, G(B(M), φ) is a connected graph and therefore G(B(M), C e )
is also connected.
Circuit basis graph
Let M be an oriented matroid and M be its underlying matroid. Any circuit X of M consists of two disjoint sets X Proof. Let M be an oriented matroid having a positive circuit C and such that M is a connected matroid. Let e ∈ C and φ be the 2-coloring of M such that φ(e) is red and φ(u) is blue for every other element u of M. As the following example shows, containing a positive circuit is not a necessary condition for the circuit basis graph
Let D be the directed graph in Fig. 2 . Since D has no directed cycle, the corresponding oriented cycle matroid M(D) has no positive circuit. Nevertheless the circuit basis graph G ci (M(D)) is a cycle with twelve vertices which is connected.
Our last result gives, for every orientable connected matroid M, a partition of G(B(M)) into two spanning subgraphs with the property that at least one of them is connected. 
